The transient response of an elastic cylinder to a laser impact is studied. When the laser source is a line perpendicular to the cylinder axis, modes guided along the cylinder are generated.
elastic wave propagation in a cylinder, both experimentally and theoretically.
9
All these works deal with isotropic material, however transverse anisotropy is exhibited by elongated cylindrical structures due to their manufacturing processes (poly-crystalline metals) 10 or their texture (carbon fibers used in reinforced polymers). Then, non-destructive measurement of elastic constants of transversely isotropic (TI) materials is of great interest, 11 especially in aeronautic and aerospace industries. Morse first established the frequency equation for longitudinal waves propagating in TI cylinders. 12 The extension of Gazis formulation to orthotropic and TI waveguides was initiated by Mirsky in 1964 for infinite and finite cylinders. 13, 14 Then, several researchers investigated the propagation or the scattering of elastic waves in free or fluid-loaded TI cylinders. [15] [16] [17] [18] [19] Ahmad and Rahman 20 also studied the scattering of acoustic wave incident on a TI cylinder and showed that Buchwald's representation 21 yields much simpler equations. 22 This representation is beneficial to simplify the description of the potential functions and economizes laborious calculations. This model provides perfectly similar results with Honarvar and Sinclair model 23, 24 and can be applied to study both isotropic and TI cylinders. 
36,37
In this paper, we investigate the mechanical response of a transversely isotropic cylinder to a laser line source perpendicular to the axis. In this case, axially guided elastic waves are generated and many resonances are observed. We performed measurements in a millimeter steel cylinder. Many resonances are observed in the MHz range. They can be roughly identified from the minimum frequency of some branches of the dispersion curves of longitudinal and flexural modes calculated for an isotropic cylinder. However, significant discrepancies remain between the isotropic model and experimental resonance frequencies. Dispersion curves are then calculated using a transverse isotropic model. The five independent elastic constants are adjusted such that all measured resonance frequencies can be precisely predicted. Moreover, experimental dispersion curves, measured by moving the laser source, are compared with the theoretical ones.
II. EXPERIMENTS
Measurements were performed with an optical interferometer at the center of the source with the laser line perpendicular to the cylinder axis. Resonances were extracted from the spectrum of the temporal signal. Their frequencies were compared with minimum frequencies of dispersion curves calculated from an isotropic material.
A. Laser-Ultrasonic setup
The experimental setup is shown were used to enlarge and focus the laser beam into a narrow line on the surface. The optical energy distribution was close to a Gaussian and the absorbed power density was below the ablation threshold. The full length of the source at 1/e of the maximum value was found to be 10 mm and the width was estimated to be 0.3 mm. In the thermoelastic regime, the source is equivalent to a set of force dipoles distributed on the surface perpendicularly to the line. 
B. Zero-Group Velocity resonances
The propagation of elastic waves along the cylinder axis is represented by dispersion curves calculated from Zemanek equation. 9 The numerical algorithm used to find the roots of the secular equation was proposed by Seco and Jiménez. 38 Firstly, the cut-off frequencies are evaluated with a bisection method, then a zero-finding algorithm is applied to determine each branch successively. The roots were obtained with an acceptable error of less than 10 −6 . Finally, the dispersion curves are determined for longitudinal modes and the first seven families of flexural modes in less than one minute on a personal computer, with a resolution ∆k = 10 −3 mm −1 . As shown in Fig. 2 (a), dispersion curves obtained for longitudinal L(0, m) and first flexural F(1, m) modes are similar to those obtained for an isotropic elastic plate.
Dispersion curves of higher order flexural modes F(n, m) are plotted in Fig. 2 
(b). As the in-
terferometer is only sensitive to the normal displacement, torsional modes are not presented.
A typical signal, corresponding to the mechanical displacement normal to the cylinder surface, is given in Fig. 3(a) . As previously explained, the oscillations in the first 5 µs are Wavenumber k (mm
3.46 4.39 The Q-factor (Q = f 0 /∆f 0 ) can be estimated from the half-power width ∆f 0 of the resonance peak at the ZGV point. In order not to underestimate the Q-factor, the signal acquisition time window Θ must be larger than the inverse of the bandwidth. We 
III. TRANSVERSE ISOTROPIC MODEL
In the linear theory of elasticity, anisotropic media are described by the stiffness tensor c ijkl (with i, j, k, l = 1 to 3). Using the Voigt's notation, they are represented by a 6 × 6 symmetric matrix c αβ (α, β = 1 to 6). Given the Cartesian coordinates (x 1 , x 2 , x 3 ) with the x 3 -axis parallel to the cylinder z-axis, the sample is supposed to be isotropic in the (x 1 , x 2 ) plane. Such transverse isotropic medium is described by five independent elastic constants : c 11 , c 13 , c 33 , c 44 , and c 66 . Other elastic constants are related to these coefficients: 
In cylindrical coordinates (r, θ, z), the above representation leads to the following displacement components,
Harmonic solutions are given by
where J n is the Bessel function of first kind of order n. They correspond to the superposition of plane waves of wavevector k = (β cos θ, β sin θ, k) which satisfy the propagation equation in a meridian plane. The radial component β of the wavevector k must satisfy the Christoffel equation
The first term correspond to waves polarized in the meridian plane (x 2 , x 3 ) and the second term to pure shear wave (x 1 ). The coefficients E and F are given in Appendix [Eq. (A.
2)].
The above equations are similar to those obtained by Mirsky.
14 Omitting the propagation term exp i(kz − ωt) for simplicity, the three independent solutions are found to be
where q 1 and q 2 are the potential amplitude ratios provided in Appendix Eq. (A.4) . Hence, the displacements are as follows
The first two solutions correspond to a coupling between quasi-longitudinal and quasi-shear waves polarized in the meridian plane. The last solution having zero displacement component along the z-axis corresponds to a pure shear wave. These solutions must be combined with weighting factors B n , C n , D n to satisfy the boundary conditions at the free surface r = a.
These conditions imply that normal stresses vanish: σ rr (a) = σ rθ (a) = σ rz (a) = 0 and lead to the following homogeneous linear system 
B. Cutoff frequencies
As the wavenumber k is equal to zero, the motion at the cutoff frequencies is independent of the axial coordinate 
where the four a ij simplify as
To find the cutoff frequencies, the above equation 
C. Dependence of ZGV frequencies on elastic constants
A sensitivity analysis was performed to characterize the elastic constant influence on the dispersion curves and especially on ZGV frequencies. Figure 4 
IV. RESULTS AND DISCUSSION
In this section, we identify all the resonance frequencies and accurately determine the five elastic constants. The theoretical dispersion curves obtained with the TI model 20 were fitted with those obtained experimentally. Then, we compared isotropic and TI models to highlight the anisotropy of the stainless steel cylinder.
A. Dispersion curves measurements
Experimental dispersion curves were measured with the laser ultrasound setup displayed in Fig. 1 . The out-of-plane displacement was recorded with the interferometer, at a single point in the middle of the cylinder, while the line source was moved along the cylinder axis on 40 mm by 0.1 mm steps. For each source position, the normal displacement was recorded during 180 µs at a 50 MHz sampling frequency. 1024 signals were averaged to increase the signal to noise ratio. First, apodization (Hanning) windows were applied in both dimensions (time and distance) to avoid secondary lobes. Then, a 2D-Fourier transform was applied to the obtained B-scans. In order to observe the backward modes, the spatial Fourier transform was calculated for negative and positive wavenumbers (k) as shown in Fig. 5(b) .
Real wave number k (mm The theoretical dispersion relation ω(k) [Eq. 
Stiffness constants c 44 and c 66 = (c 11 − c 12 )/2 determine the shear (S) velocities in directions perpendicular to the cylinder axis with polarizations either parallel (V S1 ) or perpendicular
The remaining stiffness constant c 13 should be adjusted manually. Hence, two Young's modulus can be defined: E // = E 33 for a stress parallel to the cylinder axis and E ⊥ = E 11 = E 22 for a stress perpendicular to the cylinder axis. They are given by
where c 2 = c 33 (c 11 − c 66 ) − c Module (a.u.) 
D. Displacements at cutoff frequencies
In order to explain why several thickness resonances (at k = 0) are observed while others are not, we analysed the displacements generated inside the cylinder. To this end, we calculated u r , u θ and u z , using Eq. (3). The radial and axial displacements (u r ) and (u z )
were calculated at θ = 0 and the azimuthal displacement (u θ ) at θ max = π/2n. They are displayed in Fig. 7 In the future, it would be useful to build a numerical inversion procedure to improve the accuracy of the material parameter estimation. Furthermore, it will be interesting to investigate the relationship between ZGV modes and elastic constants. This could be done by calculating the second order derivatives of the dispersion curves at cutoff frequencies to determine the existence of backward modes. Finally, it will be interesting to conduct other studies in materials with different types of anisotropy. This technique can be also applied in the sub-gigahertz range with a laser line source of width comparable to the cylinder diameter to study micrometric fibers. results in the vanishing of the determinant of a 3 × 3 matrix a ij 
where the matrix elements are
respectively. The first and second derivatives of the Bessel function of the first kind of order n can be expressed in terms of J n−1 , J n , J n+1 etc. by using recurrence relations.
The coefficients E and F used in the Christoffel Equation [Eq. 2] are defined as 
